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COMPRESSION OF A MULTILAYERED MEDIUM UNDER THE ACTION OF
A VARIABLE EXTERNAL PRESSURE™

M.YU. IVANOV, V.K. KOROBOV, V.M. NIKOLAYENKO and K.P. STANYUKOVICH

The solutions of equations describing the system of waves that arise when
a rigid body is compressed by means of a pressure that varies with time,
are obtained in the acoustic approximation. The case when the compressed
medium consists of two layers of different initial density is considered.
The solutions obtained can be generalized to the case of the compression
of a multilayer medium.

1. Let us consider the wave motions in a continuum under the action of a variable
pressure p=rp() applied at the boundary of the medium. The equation of state for the rigid
continuum is usually given in the form p —po= A4 (p" — p™ + BpT, with the corresponding equation
of the adiabatic curve p— py=A4{p" —ps®) -+ B1(p™ exp [(s — so)/e,] — Po™). We shall replace the latter by
the simpler equation of an adiabatic curve

p=4(@p"—B .y
When the deformations of an elastic solid are small, Hooke's law ¢ = ke holds, where k
is the bulk modulus e is the deformation, e= (v — vy)vo=po/p — 1, 0 is the stress and —o=p.

We shall require that Eq.(l.1), in the linear approximation with respect to the deformation,
shall be the same as Hooke's law —o = Ap,¥ — B — yApo¥e. This yields 4p,Y = B, y4p," = k. We note
that the velocity of sound ¢ = y4pd™! = kp. Knowing the bulk modulus or the velocity of sound,
and specifying the quantity vy, we can easily find the constants A and B for use in approxi-
mating (l.1).

We shall use the equations describing the propagation of the wave system in Lagrangian
form, transforming them for convenience to the independent variables &, p:
Nth, T, —v =zl (1.2)

r
= =0
ut,, 8,

(h = §pr~ dr, z=rNYW 4 1))
0

Here r is the Eulerian coordinate, h is the Lagrangian mass coordinate, u is the velocity
and s is the entropy; the subscript denotes the derivative with respect to the corresponding
variable; N =0,1,2 for plane, cylindrical and spherical symmetry respectively.

Using the first and third equation of (1.2), we transform the second equation of (1.2)

as follows:
z, = v+ uuy (1.3)

*prikl.Matem.Mekhan.,50,4,684-688,1986



Let us introduce the entalphy i. We know that (di/dp); = v. By virtue of the last equation
of (1.2) (3i/dp)s = (8i/dp),. and therefore we can write (1.3) in the form
T = (i -+ u¥2), (1.4)

Eliminating the time from the first and third equation of (1.2) and transforming the
result using (1.3), we obtain
Y O
ur¥ Thu (.9

P

We shall solve the problem in the acoustic approximation, i.e. we shall assume that
N = u¥(2) <€ 1. Let us estimate the accuracy of this approximation. For the approximation (1.1)
= ¢%(y — 1), and for the Riemann wave we have u = 2(c — ¢,)/(y — 1). Then

R T I e A

Tyt T el Tyt P+B> = \’—1[ “\wrrt) ]l P m

Suppose, for example, that p=10°Pa, k=3-10'Pa and y=3. Then n=1073.

Moreover, we will assume that p = p () everywhere except at the surfaces of discontinuity.

2. when n<€1, Eq.(l.4) takes the form z,=v and yields, after integration,
z = vh 4§ (p) (2.1)
where £(p) is an arbitrary function. Eq.(l.5) is now transformed (taking into account (2.1)),
into (rpfu), =0 and yields, after integrating, uw/rp=n(p) or
(e +E)(P)

[(@h +E)N 4 1] VD
where m(p) is an arbitrary function. Next we need to find the functions §(p) and n(p). If
the compressive pressure is caused by a moving solid, then the velocity of the surface of the
compressed medium is equal to the velocity of motion of the solid u,; and the pressure p, at

the boundary of the medium can easily be found since py=f(y). If the compression is caused
by the products of an explosion (PE), we have

P=p;=p, u=u =1u, (2.3)

(2.2)

at the boundary between the compressed body and the PE.

The guantities with the subscript e refer in this section to the PE, and & denotes the
quantities at the boundary. We assume that for the PE p.= 40" — Be.

From the condition on the shock wave front appearing in the compressed solid we have,
in the acoustic approximation /1/: u, = 2(co — a)/(y —1). For the PE where we have a shock wave
(when the explosion occurs on the right) or a rarefaction wave (when the explosion occurs on
the left or is instantaneous), we have ug = 2 (cep — cep)/(n — 1). (Here and henceforth the sub-
script 0 denotes the initial value). Expressing the velocity of sound in terms of the pressure,
we obtain from (2.3) and the last two equations

n—1 7/ Py -+ B \(v-1/2v) __/ b+ B, \(m-D/@n)
[‘o—l/YA( bA ) ]=‘eo'—lf"‘4e( bA ) ) @4

y—1 X

which yields py (1. The initial velocity of sound in the PE ¢, () is found from the inter-
action between the PE and the fixed wall /1/, from the following relations:
a) when the detonation travels towards the wall

Pe = po/(1 + ), po = 2, 4pD?4, T = D1/l
b) when the detonation travels away from the wall

Pos 0T 1, 2p, D2 = Dt
Pe = poiws, w>1, =T YT

¢) when the detonation is instantaneous, as in case b), with
po=peD¥8, T=V2Dt2V 3

For a standard explosive we have p,= 1.6 g/cm3 and D = 8000 m/sec. In cases b) and ¢)
the pressure change is described by two sets of conditions, therefore the first compression
wave and the following waves will aslo be described by two sets of conditions. To make it
simpler, it makes sense to approximate the pressure in all cases by the relation pe = Pl(x; +
©* where t= pD#/l; P,a, B, 7, = const, a = 3. If a very rigid medium is compressed, then the
displacement of its surface will be negligible and in this case, instead of solving the
problem in the exact formulation, taking into account the rarefaction wave travelling along
the PE, it will be more sensible to increase somewhat the value of the index « by putting
a=n-+¢ n=x3 el

Having obtained pp{t) from (2.4), we have
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1 ]/'V—A ( Pb+B )(7—1)/(2?)] ér,
-\

2
"b=~e——i‘°[ P =7

Integrating this expression we obtain the law of motion of the surface of the compressed
body r,= (). Carrying out the substitution t=1t({p} and using p = py(t) we find, from (2.1},

L(p)=ay, (p) — v (D) by =1, (YN + 1) — v (D) by,
From (2.2) we obtain
u, (7} 2 leo—e(P)] (v hy +E)
[{hy + BN + VD Ty =T ok, 4 8) (N o )] VND

n{p) =

Here hy = poRY*Y(N + 1) where 2R is the size of the compressed body.
The velocity of the compression wavefront in the acoustic approximation is

ty — €, — g P o, drlf
D= P =‘—2(,’_1) [(\’+1)_co__(3”?)]=_ér

Integrating the above expression, we obtain the law of motion of the wavefront

¢ 21
7+1 P+ By W 3—%
ry=HR-— [ T =1 V\’A§( = ) dt——i-ﬁ—_—T)-cot] {2.5)

The compression wave will reach, at some t= ¢, the centre of symmetry ry(f)=0 and a
reflected wave will appear. Since, when A =0, we must have r=0 at the centre, it follows
from (2.1) that behind the reflected wave £=0 or z= k. We shall denote the parameters
in front and behind the reflected wave by the indices 1 and 2 respectively.

At the reflected wavefront we have, in the acoustic approximation, /1/ up -+ 2e/(y — 1) =
2e//ty — 1) — ;. Taking into account the fact that u; = 2 —)/y —4), we obtain
ug = 2 (26, — €0 — ey — 1) (2.6)
The velocity of the reflected wavefront is
— dr,
R é ata 2?74_—‘1) a= Z?v —Yﬂ a=g @
Since we also have
uy = (v — 2) Dofvy = (1 — py/py) Dy (2.8)
we obtain from (2.6)-(2.8)
ug 220 —co—03) iy +1) I—3

f—(ege?@ D~ (g — (e D] T 27 —D T2 —0

The above equations yield ¢ = ¢, () (and py= p: (1)); uu = w2 (). After this, integrating (2.7)
we find the law of motion of the reflected wavefront

1 3—y:

’2r“’=§[2(v—1) a=Te—g %
The condition that the solutions match at the front yields NN 4 1) = phy -+ § = mhs, and

this gives the Lagrangian coordinates before and behind the front &;() and h,{f), which will

obviously be different. Further, making the substitution t=i¢(p) and using the relation

p = py (t) obtained, we find

. (v — 1 vyka(p)
n(p)=-l;zf= Rk

2 2oy — co — €a}{vgha (p) (N + 1)} N/ (V4D

which solves the problem of the reflected wave completely. Putting u;=0, we find the pressure
and density at the centre of symmetry. Having solved the equation ry(f) = nit), we find the time
tp at which the reflected wave emerges at the surface of the compressed body. After this
emergence another reflected wave appears, moving towards the centre of symmetry of the body.
Fig.l shows this system of waves.

Let us discuss a possible refinement. Since rp= un{p), it follows from the third relation
of (1.2) that t,=n(p) or t= Sn (p)dp + 8 (h), and not simply ¢ = t(p), as was written before in
an approximation manner. It is theoretically easy, although relatively complicated to carry
out in practice, to assume that t=na(p)-+0() and solve the problems of the compression and
reflected waves anew, but we shall not carry out these calculations here.

3. iet us consider a more complicated problem, namely the compression of a two-layer
body. Let a symmetrical body radius R; contain inside it another body of radius R, , with
density pss=p;, 1in close contact with the first body. Let the equation of state of the medium
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of which the inner body is made, be py=— A® — Bs.

When a compression wave travelling from the surface of the first medium arrives at the
second medium at the instant i, the second medium starts to compress. We find the time ¢
from (2.5), by putting r;(f) = R,. Two waves appear at this instant of time. One wave travels
to the right in the first medium, and the second wave travels to the left in the second medium.
We shall denote the parameters of the media using letters with two indices. The first number
will denote the medium, and the second number the wave.

Let us write the equations of state of both media in the form

Jy-13 /(8-
nea() = mea($) - (3.4)

The following conditions must hold at the surface separating the two media:
Py == pa2==p*, uy = uy=y* 3.2
and we also have

uy = uyy b 2 ey — e/ (¥ — 1) = 2 g2+ epo — Zel/(y — 1) 3.3
wy = 2 {tge — /(8 — 1)

Eliminating ¢, and ¢, from (3.1) and (3.3) and using conditions (3.2), we obtain the
following relation for determining the velocity of the boundary surface u*:

[o=Dur2+ 20— PVOD o [ew=-(8—furz PED
L Va4 j SEELT Ve

The law of motion of the boundary surface is obtained by integrating

t

() =gu* at

4

A - By

After this we find c¢p (), ey () and pu ), pu @ from (3.3). The Lagrangian coordinates at
the boundary surface are

A = pioz® = poBY TN 1), he® == 2pgea® = puRY (N + 1)

14 AR
K X

L-___;:::Au- L—~——L——:j>l—- 2

(4 LR g £ & B R
Fig.1 Fig.2 Fig.3
Now using solution (2.1} for both media *NMIUNL 4) = 2% =puh* -+ & = vk -+ &y and carrying

out, as before, appropriate substitutions t=1(p), we find

E12 (p1) = 2% (p1) — viay* = 2* (1) ~ w10 RY (N 4 1)
2 {P2) = 2% (pa) — vnhy* = 2™ () — UethR?YHf(N +1)

Finally we obtain
Tha (1) = u* (p)/rp* (p1), M (P2) = u® (pa}/Tp® (p2)

The wave 1 will travel to the centre andwill be reflected, thereflected wave (wave 3} will
travel towards the surface catchi ng up with wave 2. From then on, various situations mav

aras urface catchin rom Then On, varxious Luations may

arise. Depending on the magnitude of the ratio R,/R,, wave 3 reflected from the centre will
catch up with wave 2 before it emerges at the surface, or wave 2 will reach the surface

earliexr and in this case wave 3 will interact with the unloading wave travelling from the

outer surface, Fig.Z2 depicts this system of waves.
In conclusion, we shall consider the case when the second medium is replaced by a cavity.

In thig gase we must put o, =0 n, = 0 in all relations written for ths cecond medium Whan

In this case we must put p, =0, p, =0 in al 1 relations written for the second medium. When

the first compression wave reaches the cavity, a rarefaction wave will travel along the first
medium towards its outer surface, and the treatment of this wave is elementary. The dispersed
1

o may occour at the

material of the first medium will spread inside the cavity, and ¢ may occu

materxiasl o U8 I1YSsST ImeQiul Wi.l sSpreaC inside TAe cavily, anc wne

boundary, at certain corresponding values of the pressure.
If the cavity is filled with a porous materlal the situation remains practically un-

o fivet medium bhut +
e I1YstT he

i11 be comprecssed The progess can be
medium, [ut La XY cseq

- iNe profgess Ca
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easily studied if the parameters of the first wave are known. Fig.3 shows the wave pattern
for such cases.
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FORCED OSCILLATIONS IN IMPERFECT AND STATICALLY LOADED SHELLS®

A.YU. POPOV

The influence of small, non-axisymmetric imperfections in the middle
surface and of a static locad, on the amplitude of the forced oscillations
of shells of revolution of zero curvature, is studied. For this puropse,
shells acted upon by a mixed load, namely a static and dynamic load, are
computed. The problem of a mixed load applied to an ideal shell is
reduced to the problem of statics for a shell containing imperfections
which vary with time. The amplitude-frequency relations are constructed
for the flexure of statically loaded shells within the range of the lowest
resonance frequencies. It is shown that in the case of statically loaded
shells these relations differ essentially from those for load-free shells.
The greatest increase in the amplitude of forced oscillations is observed
in forms where the number of waves in parallel corresponds to the lowest
frequencies.

In investigating the influence of static loads or form imperfections on the dynamic
behaviour of shells, the greatest attention has been given, as a rule, to the change in the
resonance frequencies. In practice, it is essential to know the behaviour of the oscillation
amplitude under static loads, or resulting from form imperfections, and this is important when
studying the dynamic behaviour of loaded shells as a whole.

One of the methods of solving the problem of the statics or dynamics of imperfect shells
is based on the introduction of irregularity parameters into the initial system of equations.
A linear system of equations is chosen as the initial system. The small-parameter method is
then used, just as was done in problems of the statics of imperfect shells /1-3/. The same
approach can be used in the problem of shells under a mixed load, and such a problem has
been studied experimentally**. (**Solodilov V.E. Study of the natural oscillations of shells
using holographic interferometry. Candidate Dissertation, Moscow, Inst. problem mechaniki,
Akad. Nauk SSSR, 1980).

Let us consider the forced oscillations of a shell of revolution with an imperfect middle
surface, excited by an axisymmetric harmonic load. We shall describe the imperfections in
the middle surface of the shell using functions of the type w, = er(2) cos mp where w, is the
initial sag, z is the meridianal coordinate, ¢ is the circular coordinate, m is the number
of waves in parallel, and e is a number, small compared with the relative thickness of the
shell. We shall write the coefficients of the solution of the system of equations describing
the forced oscillations of an arbitrary shall, in the form of series in powers of the small
parameter e. After substituting the coefficients and the solution into the initial system,
the latter splits into several subsystems. The zeroth approximation corresponds to the
problem of the forced oscillations of a perfect shell of revolution. Every subsequent
approximation is constructed by integrating the system of equations for the perfect shell of
revolution, with various right-hand sides in the equations of equilibrium as well as in the
geometrical relations. Thus the analysis of a shell with small, non-axisymmetric imperfections,
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